Abstract We analyze the properties of population spreading in oriented environments with spatial anisotropy within the frames of a lattice model of asymmetric (biased) random walkers. The expressions for the universal shape characteristics of population, such as asphericity, are found analytically and proven to be dependent only on the asymmetric transition probabilities in different directions. The model under consideration is shown to capture, in particular, the peculiarities of invasion in presence of an array of oriented tubes (fibers) in the environment.
resources [16, 17, 18] . The variations of above characteristics has non-trivial influence on the population growth, persistence and dispersal [16, 19, 20, 21] . In particular the presence of oriented factors in environment lead to occurance of directed movement patterns, different from pure diffusion [19, 22, 23] . In this concern, it is worthwhile to mention also the modern technologies of controlled drug delivery, using an external oriented magnetic field [24] , and the implants based on arrays of oriented TiO 2 nanotubes, which control the directed realese of drugs [25, 26] .
The model of a random walk (RW) on a regular lattice provides a good description of the stochastic movement processes [27] . In the simplest case, when there is no preferred direction, this process restores the Brownian motion and such a model may be shown to produce the standard diffusion equation. Making the probabilities of moving in different directions not equal causes the directional bias, which leads to the drift-diffusion equation. Such asymmetric biased random walks (BRW) are frequently used in biology to model the motion of living organisms and cells in oriented environments [28, 29] . The bias may be caused both by the fixed external environmental factors (such as gravitational force or external magnetic field), and by varying factors (such as chemical gradient or food resources in oriented migration of organisms). Thus, the transition probabilities in BRW model can also be not only constants, but spatially dependent functions.
We address the question, how the presence of orientational factors and heterogeneity in environment impact the geometrical shape characteristics of a spreading population. To describe the shape properties of a group of invading agents quantitatively, it is convenient to introduce the quantities such as the asphericity A and prolateness S [30, 31] . The parameter A takes on a minimal value of zero for a completely isotropic spherical configuration of population, corresponding e.g. to the case of simple diffusion of particles in isotropic environment, and equals one for completely stretched configuration, thus obeying the inequality: 0 < A < 1. The quantity S catches mores subtle shape properties and allows to distinguish between the shapes of prolate ellipsoid (when it takes on a positive value) and oblate shapes (with S negative), being bounded to the interval − 1 4 < S < 2. Recently, these quantities were used to describe the instantaneous shapes of particle puffs in turbulent flows [32] .
The motivation of the present paper is to analyze the shape characteristics of a population of agents, spreading in anisotropic environment with preferred orientations, within the lattice model of BRW. As will be shown, this model allows us, in particular, to analyze the spreading process in presence of structural inhomogeneities in form of oriented lines. On the one hand, this can be related to the problem of movement of cells in extracellular matrix of connective tissues with collagen and elastin fibers, on the other hand such a model resembles the arrays of oriented nanotubes in controlled drug delivery implants, mentioned above.
The layout of the paper is as follows. In the next section, we introduce the model and define the observables we are interested in. The analytical expressions of shape parameters are given in Section 3, followed by examples Fig. 1 Schematic presentation of a random walk process. The particle is putted on a site of a regular 3-dimensional lattice and at each time step makes a jump towards one of possible 6 directions with corresponding probability p i (i = 1, . . . , 6).
of some model cases presented in Section 4. We end up by giving conclusions and outlook.
The model
We start with considering a population of N random walkers, spreading on an infinite 3-dimensional lattice. At each time step, each the walker jumps towards one of 6 nearest neigbour sites with corresponding probability p i , i = 1, . . . , 6 such that 6 i=1 p i = 1 (as schematically shown on Fig. 1 ). In the simplest case of isotropic uncorrelated random walk, all the transition probabilities are equal: p i = 1 6 . We assume, that all the walkers start to move from the same starting point (let it be the center of coordinate system), so that we start with highly dense configuration ("drop"), localized in space. The walkers move independently, without any interactions or correlations between them.
Let R a (t) = {x
(t)} be the position vector of the ath walker at time t (a = 1, . . . , N ). The shape properties of an instantaneous configuration of the population can be characterized [30, 31] in terms of the gyration tensor Q with components:
The spread in eigenvalues λ i (t) (i = 1, 2, 3) of the gyration tensor describes the distribution of particles in an instanteous configuration and thus measures the asymmetry of a shape. In particular, in completely isotropic symmetric case all the eigenvalues λ i (t) are equal.
Let us introduce the rotationally invariant universal combinations of components of the gyration tensor [30, 31] . Let λ(t) ≡ Tr Q/3 be the average eigenvalue of the gyration tensor. Then the extent of asphericity of an instantenous configuration of population is characterized by quantity A defined as:
Here and below . . . denotes averaging over an ensemble of possible configurations of a group of particles at given time. This universal quantity equals zero for a completely isotropic spherical configuration, where all the eigenvalues are equal λ i = λ, and takes a maximum value of one in the case of a stretched highly anisotropic configuration, where all the eigenvalues equal zero except of one. Thus, the inequality holds: 0 ≤ A ≤ 1. Another rotationally invariant quantity, defined in three dimensions, is the so-called prolateness S:
For absolutely prolate, stretched rod-like configuration (λ 1 = 0, λ 2 = λ 3 = 0), the parameter S equals two, whereas for absolutely oblate, disk-like shape (λ 1 = λ 2 , λ 3 = 0) it takes on a value of −1/4. In general, S is positive for prolate ellipsoid-like shape (λ 1 ≫ λ 2 ≈ λ 3 ) and negative for oblate ones (λ 1 ≈ λ 2 ≫ λ 3 ), whereas its magnitude measures how oblate or prolate the configuration is. Next, we will find the exact values of quantities (2) and (3) for a system of non-interacting N asymmetric random walkers on a lattice.
Results
The probability P (t, n a i ) that the walker a had performed n a i steps in direction i (i = 1, . . . , 6) after the total amount of t steps (so that t = 6 i=1 n a i ) is given by:
Thus, we can evaluate the mean values n a i and (n a i ) 2 (a = 1, . . . , M ):
(n
Correspondingly, introducing the combined probability P (t, n a i , n a j ) that the walker at time t had performed n a i and n a j steps in directions i and j:
we evaluate the correlation
And finally, let us introduce the combined probability P (t, n a i , n b j ) that the walker a had performed n a i steps in directions i whereas the walker b had performed n b j steps in direction j. Since we assume, that the walkers a and b move independently, we simply have:
We can thus easily find the averaged values of coordinates of random walkers at given time t. Really, since e.g. the averaged coordinate x 1 (t) of a walker is given by a difference of number of steps to the right and to the left along the x 1 -axis, we have:
so that:
Expressions (11)- (14) allow us to find the averaged components of gyration tensor. For example:
So in general:
Finally, substituting the values (16), (17) into Eqs. (2) and (3), we receive expressions for shape parameters A and S of the system:
The quantities (18) , (19) are universal in the sence that they do not depend neither on time, no on number of particles, and appear to be the functions only of transition probalities p i . Note, that in real experiments and in computer simulations, the quantities given by (18) , (19) are the asymptotical values, The above scheme can be generalized to the case, when p i are not just constants which are fixed in space, but random numbers taken from some distribution. Such situation may occur due to presence of some random fields or random structural disorder in the system. Let us assume, that at each site of the lattice the set of p ik is realized with corresponding probabilitities ρ(k). In this case, one can easily convince oneself, that all of observables of interest in relations above can be obtained by substituting p i by an averaged value p i given by (20) in corresponding equations.
In the next section, we illustrate the results obtained by considering several model cases of invasion in anisotropic environment.
Examples

1)
In the most trivial isotropic case, when all p i are equal (p i = 1/6), we have: A = 0, S = 0 (see Fig. 2(1) ).
2) Let us consider the case, when p 3 = 1 − p 1 , p 2 = p 4 = p 5 = p 6 = 0: the population is moving on the half-space of xy plane with nonequal transition probabilities in x and y directions. It appears, that independently on the p 1 and p 3 values, we receive highly anisotropic, completely stretched configuration with A = 1, S = 2 ( Fig. 2(2) ).
3) Next, let us assume
: moving along the x-axis is more (or less) probable, then in two remaining directions (21)) and S (given by (22)) as functions of probability p 1 = p 2 (whereas p 3 = p 4 = p 5 = p 6 = 0).
( Fig. 2(3) ). In this case, on the basis of (18), (19) we obtain:
Parameters A and S as functions of p 1 are shown on Fig. 3 . Note, that p 1 can vary in this case from 0 to 1/2. At p 1 = 0, the population is spreading in 2 dimensions (yz plane). At p 1 = 1 6 , we restore the isotropic case (1) with A = S = 0. Further increasing of p 1 leads to growing of anisotropy, until it reaches the final stage (configuration completely stretched along x axis) at p 1 = p 2 = 1 2 , p 3 = p 4 = p 5 = p 6 = 0. 4) Finally, let us consider the most interesting case, when population of particles is spreading in environment with structural inhomogeneities (obstacles) in the form of parallel lines, randomly distributed in xy plane and oriented along z axis (see Fig. 4 ). Let c be the concentration of lines (0 ≤ c ≤ 1). From point of view of each random walker, presence of lines does not prevent jumps in z direction, but plays an essential role for movement in xy plane. Really, for each lattice site, one of 4 nearest neighbors in xy plane can be occupied with probability c (belonging to the line) and is thus not allowed for random walker. The probability, that k nearest neighbors (0 ≤ k ≤ 4) are occupied, is given by Bernoulli formula for binomial probability distribution:
The given problem thus essentially differs from examples above, where transition probabilities were spatially-independent constants p i . Here, due to randomness of defects distribution in space, at each lattice site we observe one of possible p ik = 1/(6 − k) with corresponding probabilities ρ(k) given by (23) . Namely, for i = 5, 6 (transition probabilities in z direction) taking into account Eq. (20) we have: The corresponding transition probabilities p ik in xy planes are smaller by the factor (4 − k)/4 due to the fact, that k jumps are forbidden by presence of defects, so that:
As expected, we have:
The functions (24) and (25) are presented graphically on Fig. 5 . At c = 0, we restore the pure isotropic case when all p i = 1/6. Increasing of c leads to separation of these quantities: transition probabilities of moving in z direction are growing, whereas corresponding values in xy plane are gradually tending to zero. Approaching the very large values of c around 1, when there are practically no possibility of moving in xy plane, p 5 and p 6 reach the limiting values of 1/2. Note also, that c = 1 (fully occupied lattice) has no physical meaning in our case, since there is no possibility for particles to move at all. Finally, substituting (24) , (25) into expressions for the shape parameters (18) , (19) , we find corresponding expressions:
Expressions (27) and (28) as functions of c are plotted on Fig. 6 . As expected, the asymmetry of shape is increasing with growing of the concentration of structural defects: the configuration of spreading population becomes more and more elongated in z direction. Thus, the presence of an array of oriented fibers (tubes) leads to considerable spatial organization of invading population in environment.
Conclusions
In the present work, we developed the simple mathematical model of population of agents, spreading in an oriented environment which is characterised by spatial anisotropy. It can be related to numerous processes, encountered in biology and medicine, such as chemotaxis or gravitaxis, the cell migration in extracellular environment or drug delivery. The presence of orientational factors in environment may change the geometrical shape characteristics of a spreading population. The motivation of our study was to analyze the influence of anisotropy of environment on the universal shape parameters. For this purpose, we studied a system of non-interacting N random walkers, spreading on an infinite d = 3-dimensional lattice, starting with initial very dense configuration ("drop"). The transition probabilities p i (i = 1, . . . , 6) in different directions are assumed to be non-equal (asymmetric). We found the exact analytical values for the shape parameters, such as asphericity A (Eq. 18) and prolateness S (Eq. 19) as functions of transition probabilities p i . To illustrate the results obtained, we considered several model cases of oriented environment. Of particular interest is the case, when the array of lines (tubes) of parallel orientation is present in the system. This can serve as a model of extracellular matrix with collagen and elastin fibers or systems of oriented nanotube array in drug delivery implants. It is quantitatively shown, that presence of such objects leads to considerable spatial orientation and organization of invading population.
